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exizrmal ¢ owmier hand, terz exist pr.:'":;,i__ We exzmune several imponas
probabill ons for the obsenvations which lead 0 staring with real-ume gezision me
unzmbig architectures in which the "pauer” hypothesis tesung. The team are
¢elision mixer maxes the finai teans decision based upon of the team are set-up. We wan:
finite-bit messages srom the 'worse” decision make er. But, 2 given team architecture (sav

ever in these cases the resulig are c_‘.u....: to ge'tsra; ze fO’ compare the performince ot

teams with tree or more DM, beczuse of the ccmpxﬂ\m of also se:L lO o“smn an organizanon i

ne prodiem. A heurisuc algoriitnm for organizanon design is orm spe.lﬁcwowc angd swc
presenel new Df\ 10 the tearm. Finaliy, we uo..‘

) . an¢ develop the theoretical aspelit end
1. INTRODUCTION AND MOTIVATION compiexity 2550z:ate¢ With this <izss 0F prodiems.

Our main research goal is 1o ceveiop basic Suopose that 2 tezm consisis of N DMs,
cndersioniing of decision mexing in diswribuied leam may have many alternz
roanizaiions. As we spall

such problems can become commmunicezon protozes. For exam
verv complicated because e cisTiouied (decenralized twe ciiferent architecizres in Fu
Cs::sior process. In order to gain undersianding inio the envirenmen: consisic
basic fundzmenizl issues we nee z peradigm which receives & conditonaliv indepencen:
'-_* ssents simple cetision r:.;i.m; .2 whoese cenTaiized teni2zive decision. based toon :15 ow
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version i¢ easyv to fermulate, solv
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z Naboolt references [1] 10 12] for relaied ;:'.o S"”"" proioco:s. The '1:*')‘ teass deCision nu S zssoniaiel
with it We would ke ¢ ¢z mehow which
coniiguration resulis o0 supe 1 moreover.

~ The classic dezision prodiem in e semmng relzies o e civern iree DMs and z ; L we woull
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distributions with different variances under each hypothesis.
In Secuon 4, we present a problem of organ:zational design
and an 2lgorithm to solve i1, Finally in Section S, we present
some concludmr remarks and suggestions for future
research.

2. TWO DM ORGANIZATIONS
2.1 General Remarks

Since organizations with two DMs are key buiiding
blocks for larger organizations, our objective is to study them
extensively and analvze them completely. There are two

alternative architectures for this tvpe of teams: fusion and
tandem (Figure 2). Since the DMs in the tandem architecture
can always employ the decision rules of the DMs in the
usion a::..ixe:t"re (hence even the optimal decision rules for
the fusion erchitecture). the performance of the tandem

architeciure is always ai Jeas: 2s good as the rerformance of

the fusion architzcture. Thus, we will resmict oorselves 10 the
s:udy of the tandem architeciure.
FIGURE 1
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FIGURE 2
TWO DM ORGANIZATIONS
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2.2 The ROC Curve

In the binary hypothesis testing problem each DM can
be characterized by his Receiver Operating Characterisuc
(ROC) Curve. This curve plots the probab lity of detection as

a functon of the probablhx\ of false alamm.

The rrobability of deection. Py, is the probabilny tha:
the DM decides u = 1 (incicaung tha: H, is the true
hypothesis) when H is indeed wue and 1s defined by

P = J P (A H)da 1
r vy ‘
where
viE)
AV) = ——=
P(v | Hi

is the likelinood rato and n represents the decision treshold.

The probability of false alarm. Py, is the probabiliny tha:
the DM decides u = 1 when H, is the muc hypothesis and is

P, = L P“‘Hc{'\ "Hpea et}

Thus. the ROC curve is expressed by two parame:
eguations. with the tareshold parameter 1y anving fror:
10 1nfiaity; in general, can not be expressed in a cio x’ :
The ROC curve is goncave and 1t has another us°fq; p ore
suppose that by subsuruting n* in equauons (1) anc (2. : e
point (P".Py7) of the ROC curve is obtained. Thexn, the
siope of the tangent 10 the ROC curve at (P"P.") is
(Figure 3). Conseoueml\ if @ DM perdorms detzcton with
some given n°, his optimal cperating poin: 1s the point of tne
ROC curve where the slope of the tangentis 1’

Ir our research, we vse the ROC curve to quaniifyv ihe
relative expertice of different DMs, Moreover, sinze the team
of DMs ziso performs binary fypoinesis tesung. tenm
periormance can also be guantied by the 1eam ROC cunve,

I ine ROC curve of Dhi A s higher than the ROC cunve of




DM B, then we say that A is a better DM than B, because for
the same level of probability of false alarm., A will have a
hicher probability of detecdon (Figure 4a). But, the DMs can
not always be ranked globally because someumes their ROC
curves intersect (Figure 4b).

FIGURE 3
THE ROC CURVE
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2.3 The Problem

Consider a team consisting of two DMs ir 1andem
architecture, which performs binary hypothesis testing
(Figure 5a). The prior probabilities (P, = P(H)) fori = 0.1) are
assumed known, as well as the cosis J(u.H) which are
incurred by the team when it decides u and H is the true
hypothesis. 1t 1y assumed that it is more costly for the team to
err than to be correct. The teim objecuve is to minimize the
expected cost incurrec by the team.

Each DM receives a conditionally independent
observation. One DM. called the gonsuliany DM, muxes a
binary decision (u = 0 oru_= 1) based on his measuremers,

. and transmits it to the oxhe DM, called the pimoty DM
Then. the primary DM has 1o make the team dec:vion (b.;sc:.
upon his own measuremenrt Y and the message from the

that the corresponding hypothesis is considered 1o be mue.

The optimal solution for the decision rules of the two
DMs is given by likelihood ratio test with constant thresholds
[3]. For the pnmary DM:

If u=1: Alv)

n 144

For the consultant DM:

where
J1LHA - 30.B,)

P
p= L. % 0
P JOH - J1LE)
and Pyt (Pt ) is the probabliiity of detecnon (probubilniy ¢f
false alarm) for the primary DM when u_ =1 was received oy
the consuliant (i = 0.1) and Pe ( e )as the pro‘aa“A Vool

detecton (probebility of faise .1‘_:'71 for the consuian

when bown DMs are operated acc € 10 e
decision rules of egs.(3)- (5). For exam nple,
, 1-Ty ,
= PriAQ) 2 ' n'H) i€
bl 1 < 0
o

Ficure Sh demonstates the form of the operating points.

The ROC curve of the teem &5 & whole can be compuied
and 1% given by:

P = (1-PP¢ « PP e
o= (1-P.aP.t 4 P T

-
1
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FIGURE & 2.5 A Counterexample to the Conjecture
THE PROBLEM AND ITS SOLUTION In Figure 6, we present the ROC curves of two DMs,

one better than the other according to our prior definition. ‘
Table 1 contains the discrete distributions of their
observations; the elements 1n the matnix denote probabilities.
For example, the "worse” DM will observe y = 1 with
probability 0.1 if H is true and with probability 0.5 if L 18

ue. From Table 1 we can then see that the berter DM has as
good or better discrimination of the two hypotheses, and of
course this is reflected in the dominance of his ROC curve in i
Figure 6.

<1 In order 10 establish the counterexample we compared
T the two architectures using tedious, albeit straight forwerd
calculations of the probability of error. The resulis are
illuszated in Table 2, which contains the probability of error

(@) for two different values o° n for each architeciure -- B
deno es thc "better" DM, while W denotes the "worse” one.
For = 1.0 having the better DM as the consuliant 15
PRIMARY DM CONSULTING DM
- FIGURE 6
! ! : 3 THE ROC CURVES
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Note tnhaet the team ROC depends not nnly upon the
hora~rom

heractenistcs (Mexperdse”) of the incividual DMs, but also B

) F
on the parmcular way that they have been consmained 1o
interad: (the team o7 organizatorn architecrure). _
. . ABLE 1
2.4 Architecture Comparisons TABLE 1

DESCRIPTION OF DXMs

Stppose that one of the two DMs is "beauer” than the
other, i.e. nis ROC cunve is nigher than the ROUC curve of
the other DML There exis: two canctd;.: N:. tig'('—res fo:u?; "WORSE" DM "BETTER” DM
12am; either ::1:.}.- tie "better” DM the pnimomy DM or make , .
et : consuitant DM. Recall that the primany H: . .-
texm deciston. We would like to }'\"‘ Ho Hl ¥\ Hy ! t
mine which of the twoe architeciures vieids berer i -
erformance than the other for all vaives of n. that is 1 : 0.1 0.2 1 01 c.s
whether the opimal architeciure is independent of the | |
external parameters of the prodiem (details of cos: function, > . 0.4 C.4 2 01 0.2
pnor protatiunes) which determine the vaive of . { ’ .
= H oo~
The architediure with the bener DM :}. primeny DM 3 ! 0.2 0.1 3 ¢-3 e
was conreciured {3] 1o be hetter, This conre B ‘p' ' £ n 1
from an nizinve point of view: given moe D.\is one woui 4 ;0 0 4 e.c -
like 10 have the "beier” DY y : : ion
T - & o -
p:g?}phiec:s If‘;hin;ef; l:c;:,"; - optimal while for n = 038 having the b"". r DM ac e
orearizine cwo DM wor hon pamany 1s opuzzal. Thas can be z2iso verified by deriving ne
nroban; f;:es of (re _nc'erlx'ins team ROC curves for each architesrure (Fioure 7ai A :'“e
Unfomunaie v, 25 we toow beiow ki ' cicse-up of Figure 7b snow the two ROC curves intensec 4
PATS . ’ ear Pp= C.2. Trus, in ths special example. tne opumal 1227

R
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TABLE 2
COMPARISONS OF
PROB. OF ERROR

T B
=1.00 0.200 (optimal) 0.215
=0.38 0.1840 0.1833 (optimal}
FIGURE
TEAM ROC CLR\ ES
10+ e & e O
C,‘.’l: ..e»-‘/“
eEs ol
£y c/'/
P s~ / }vmnszbnmmm;
D oce- / { = PETTER DM PRIMARY |
Ge- /"
T.C
¢ 1
ccCo
cc h {2 <3 Ce cE cé [ ol -} ce c
Fy
1a)
. CL2SE Up
cee- /
A/C
cE3- /
I '4/
PD e~ 4 ' <= WORSE DM PRIMARY |
, ;S | = EETTER DM PRIMARY |
cT3- /,
Y

?;:'"' ecwure depends on the vaiue of n (i.e. the numerical
es of the prior probabilities and cosis). On the other

vaiu
han:l. cor this e xammple. both architectures have very similar
-

periormance, since thelr ROC curves are guite close (Figure
3. COMPARING GAUSSLIAN VARIANCES
3.1 General Remarks

couse 0’ l'm n.oa‘nm n-ngnv-vnd n

zasser C.SIT.:‘,'J:IOR with

...... e e hal o e
realh avpoinesis. Tne ROC cunvesin

this case are simple and given in a closed form {1} A

A

sumraary of this case is given in Table 3

3.2 The First Architecture

from the solution of the problem and thc p'o'vc v of mc RQC
curve

18 » 2 .
Pye- P [id °, F
- o
Fp- To Urigery NOTy
. 2 °
. r
n' - Ir'n.—l‘-l - oo
.
t- Py l(r' o % Ty
’ v ! F 1
P o F
nl- —Ln -2 - =% )
F Gy lptp, 7
b rl(rr,;p) f

where the superscnipts B (better) and W (wores o indicuie

which DMs ROC curve is being differentizied Scivin
svsiem of egs.(9)-(11) and recaliing the concavas o
ROC curve, we obtain that in this case

which implies that whenever v = 1 is recenved from ine

consuliant, the primary decides u_= 1 independeni of hic rwr
7
observation. Substituting into (7) and (8. we obiuin Ll u
team ROC curve in this case is given by
PT = PO-Prc - PCPI 2z
T = 0 . < ) s
P T = P,t-Py - PCP. L

£ - [\l )
for seme (PP,
[beuer] DM,

0 [(Pe.Ppe)} in the ROC cunve of e wir

TABLE 3
COMPARING GAUSSIAN VARIANCES

WORSE DM BETTER DA
Y;,Y:-I\'(O.c:) YOV ~N S
Hoic:=coz H(. —~ =1
H C:=°1: H C.—‘\"‘
Fl

_p , N
PD = Py ,TD =T,

with ¢ <g.t . N>

Nt




3.3 The Second Architecture

Suppose thzt now the berer DM is made the primary.
Then, we can arbizarily assign to the DMs the following
operating poinis:

(P,OP.0): 10 the Consultant (Worse) DM
(P=.Pye) 10 the Pnmary (Benter) DN when v = O is received
(L1 210 the Primary (Beuer) DM when u_= 1 is received

Substituting into egs. (7) and (§), we cbtain egs. (12) and
(13) again. Since for this arbirary assicnment of operatng
points, the architecture with the berzer DM as the primary can
achieve performznce equal 10 the opumal performance of the
other architecture, the petier DNV chopld plwpvs be the
Arae TS

3.3 Obtaining the Team ROC Curve

urpose I" ! the beuter DM is the consuliant Then
om the svsten of egs. (95-(11), we can solve for Pee 1o

buin
2 1
-0 < 2
~ei-od Tt od R
i C - 3, L f 07" Ce - T
e xcda-fhn 2 oo —. e e, l"‘{'%
' i -
(A v & o |
2. 2 -—
o oied

i Y;‘ L la ~1‘;.m:

nis is an equation of just P e We could have schsuwted for
P:C from the eguation of the ROC curve of the consuliant
(petter) DML bur €id not €0 11 becauce of space hmitauons. If
the equaton is solved Pee 15 obainzd. Moreover:

r Tl vy
By sudsuicing inio the egquaton of the ROC curve of the
Frimany (worsed DM PO 1codiained, Finaliv by subsaung

for 21l the probabilizes into egurations {7) and (8), the team
ROC curve is ozizneC as 2 functon of n. tne varances of
the DNis and N,
It shouil be ciear thar : am ROC cunve will not be of
the same {form 25 ine ROC curves o:' the individual DMs. In
LI Il is noreven Civen Dy oz closed fomm expression. Thus,
we canno: easily exiand the resuli 1o e case of taree DMsin
@ lxndem wohatecie

[OOSR RUIR

4. DESIGNING ORGANIZATIONS
+.1 General Remarks

Strpose thar we are miven a team of DMs and 2 setof
recureTenis on 2 22T perlormance. which are rnov mel
Ve could perionT seVera Shanges an the tzam, such as

c¢iirg or ceisurz a2 DM or cn:ngi:‘ ihe tezm
inizrconneiiions, oF redesignirv '.he

ommunication
proloccis, o ke the tezm me ose d performance
recuiremenis, Presendv, we zre emn m..‘g z —z! and eor
arproach hecause of the mamemzucal compiexiy of the
sroblems; we hore for analyical inmght 0T our fulue
researcn

4.2 Adding 2 New DM

By introducing the “perfect” DM to the team, that is 2
DM who alwavs knows which is the tue hypothesis (i.e. his
ROC curve goes through (P Pp) = (0.1) ), the tezm
probability of error will be reduced 10 zero. Hence
specifications no mslics Liow 53mcican always be me:

We wouid like to inoduce a rrade off between the tearmn
performance and the guality of the DM 10 be inzoducec. To
measure quality we need i0 rank the DMs even in cases of
ambiguity (Figure 4b). The mezsure we will empioy 15 the
area under the ROC curve. This measure 1s scziar and
preserves the ranking of unambiguous situations (F.r'ure EFON
the "perfect” DM has 2 meascre of 1 anc the "worst” DM
(the DM who is equaliy likelv 10 choose berween either
hypothesis 1na°pcndcm of his odservation) has @ measure of
0.5.

The design probiem will now be to find the "cheapest”
DM which \MI1 enable the team t¢ meet the requiremenis: by
chezpest meaning the DM with the smaliest area under the
ROC curve.

4.3 A Sample Problem

Suppose we are given a DM ("old”) with ROC curve:

el

~

o
PwF 1}

and a set of requircmf'n's fer team perfortmance 1“:

minimum levels of probabiiity of detecion for specified
levels of probabilitv of false zlarm). We want te fng 1he
"cheapest” DM ("new™) with omiomorphic ROC cunve to the

old DM, thatis:

which will make the team szusfyv the recutrements. In this
case, the ¢mztier the vajue of the consiant K the cheoper the
DM.

The problem is the same a5 the one gesenbed in Section
2.3 zbove. The two possibie architectures are 1o use the new
DM as the consuliant or 10 Lse the new DM

as e primon,

In the following algorithm we use our theoredcal analves
which sugresis that (he bener DN shouid he 1o z
avoic a completely our mal and emor epproach.

4.4 The Algorithm

STEP 0 Stast with two idendcal "o0ld™ DM

STEP !: If the requirerments zre me: then the team i {ov
good. Thus, the new DM can be worse than what
he 1S, which 1mplies that the K of the new DM can
and should decrzass. From our theoreuca. anaivsis
we Know that :ne new DM shouic be the consuian:
Thus, we decrease the consuliant's K . §

STEP 3




-7-

:v
n
]
to

If the requirements are not met, then the team is 100
weak., Thus, the new DM should be better than
what he is, which implies that the K of the new DM
can and should increase. From our theoretical
analysis we know that the new DM should be the
primary. Thus, we decreass the pnmary’s K and go
o STrP 4

STEP 3: 1f all the requirements are met and one is met
exactly, we stop. If the requirements are met then
we decrease the K of the consuliant. If the
requiremsnis are not met we increase the K of the
consuliant. We then repzat STEP 3.

STEP - 1f 2l) the recuirements are me! and one is me
exacdy, we siop. If the regulremsnis are met ther
we decr'as'* tne K of the pnmary. If '.h:
reguirsments are not mel we increase the Ko of e

pnmany. We then repeat ST=ZP 4

o}

ur wmegrenzal anzivsis indicaied wneiner ie new DM

': onimary or the ceasultant Using cdu:axsc

vaives of Hoin our =izl and erTor opproach ouwr
proa:c.u will De soives icienty.
2. CONCLUSIONS

By a counterexample we nave snown that the opizal
toomm archiieciure may depend on parameterss external 1o the

team (goer CI'Ow.u L:i?S. COst sTucnure ein). Hence, we can

have ambiguity of whether 2 pardicuizr amghitecture is opomal
for &l vaiues o’ the exizrnal garameers. It is possibie,

howevsr, 10 use 1he zrez under the team ROC cumve 10

TemOVve U "-\n f R oaloiiadbtl

rex ombiguny.

al disTibudens lezg 1o archirecrurzl comparisons
5zt are gnambifuous. We demonsTzied this in the case of
comrzanng :az.ssnn vaniances. in which (he_berer DM
crapid 2lwave ha the n=rmamy '7\’ Compturier simuiauons
(not repomed here) 1ndicaied that tnis result holds wue for
commpzmsons of means of gzussian cdisTibuuons, but the
rent comolexity of the eguations prohibited us from

ozuining r.“...\ ccalresuits

Zven if the mndivicuzl DM RO’“ curves are anzlyoca,

e ieam ROC cunve 1S noL Tnus. it is hard 10 generaiize ouwr
7250, 10 122ms With more than two DMis. We hos

some nove, resulis 1o help USs gesicn meT

roonl it 1 4S ROD Clear wheiner such resuite exis

. we plan 10 siedy the effecis on the teez
ne ¢ diferent communiz2uOn DTOIOCOLS as well 28
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